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Introduction

e Classical problems in commutative algebra include the study of the
Hilbert functions and minimal graded free resolutions of finitely
generated graded modules over graded algebras. These topics
represent important tools in algebraic geometry and are becoming
increasingly important both in combinatorics and computational
algebra.

e This dissertation aims to deepen the study of the above mentioned
topics approaching some open problems in order to integrate the
existing literature and developing some packages that can be useful
in the framework of commutative algebra and algebraic geometry.
All the algorithms presented in this thesis have been implemented
and some of them are included in Macaulay2 version 1.14.



Introduction

e Let K be a field. A K-algebra A is graded if A= @, A; such that
AiA; C Aij (KA; C Aj). The graded K-algebras we consider in

this thesis are the standard polynomial ring S = K[xi,...,x,] and
the exterior algebra E = K (ey, ..., e,) of a K-vector space with
basis eq, ..., en.

e Let R € {S, E}. Our work environment is M, the category of
finitely generated Z-graded left and right R-modules M, and we will
denote by F € M a finitely generated graded free module with
homogeneous basis g1, ..., g:.

e In R one can introduce the notions of monomial and monomial ideal
and therefore that of monomial submodule of F. More in details, a
monomial submodule M of F is a submodule of the form
M = ®!_; g, with I; (i=1,...,r) monomial ideals in R, i.e.,
ideals generated by monomials of R.
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Exterior Algebra

Definitions

e Let K be a field. We denote by E = K (e, ..., e,) the exterior
algebra of a K-vector space V with basis eq, ..., e,.

e For any subset 0 = {i,...,iq} of {1,...,n}, with
i <lp<---<liq, wewritee, =e; N...Ae,, and call e, a
monomial of degree d. We set e, = 1, if 0 = ().

e We put fg = f A g for any two elements f and g in E. An element
f € E is called homogeneous of degree j if f € E;, where E; = /' V.

e We define supp(e,) = o = {j : ¢ divides e, } and
m(e,) = max{i : i € supp(e,)}. Moreover, we set m(e,) = 0 if
e, = 1.

Example
Let E = K(ey, e, €3, €4, €5). If we consider the monomial e, = e;eey,

then supp(e,) = {1,2,4} and m(e,) = 4.



Exterior ldeals

Definitions

e If | is a graded ideal in E, then the function H, : Z — Z given by
H;(d) = dimg Iy (i > 0) is called the Hilbert function of /.

e Let / be a monomial ideal of E. [ is called stable if for each
monomial e, € / and each j < m(e,) one has eje,\ {m(e,)} € /-

e [ is called strongly stable if for each monomial e, € | and each
J € o one has eje,\ 3 €/, forall i < j.

o Let > the lexicographic order on the set of all monomials of
degree d > 1 in E. A monomial ideal / of E is called a lexsegment
ideal if for all monomials u € I and all monomials v € E with
degu =degv and v > u, then v € /.
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aQaal

Macaulay2, version 1.14
with packages: ConwayPolynomials, Elimination, IntegralClosure, InverseSystems, LLLBases,
PrimaryDecomposition, ReesAlgebra, TangentCone, Truncations

il : loadPackage "Exteriorldeals";
i2 : E=QQ[e_1..e_5,SkewCommutative=>true];
i3 : I=ideal {e.2%e_3,e_3*e_4%e 5}

03 = ideal (e2e_3, e_3e4e5)
03 : Ideal of E

i4 : Is=stableldeal I

o4 = ideal (e.le2, e2e3,ele3ed,e3edeb)
04 : Ideal of E

i5 : Iss=stronglyStableldeal Is

o5 = ideal (e.le2,ele3,e2e3,eledeb,e2edeb,e3edeb)
o5 : Ideal of E

i6 : isLexIdeal Iss
o6 = false




Exterior Modules

Definitions

e For all M € M, the function Hy : Z — 7 given by
Hum(d) = dimk My is called the Hilbert function of M.

e Let F € M be a free module with homogeneous basis g1, ..., g/,
where deg(gi) =1f;, i=1,...,r, with i <f, <..- <f,. Then
F=ol_,Eg.

e M € M is monomial if M is a submodule generated by monomials
of F: M=hg & ---® l,g,, with [; a monomial ideal of E.

e A monomial submodule M = @&/_, ;g; of F is (strongly) stable if /;
is a (strongly) stable ideal of E, for each i, and (ey, ..., e,) il
Clyfori=1....r—1.

o Let >, the POT extension in F of the lexicographic order >ey in
E. Let £ be a monomial submodule of F. L is a lexicographic
submodule if for all u,v € Mony(F) with u € £ and v >, u, one
has v € L, for every d > 1.
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loadPackage "ExteriorModules";

E=QQ[e-1..e.5,SkewCommutative=>true] ;

F=E"2;

I_1=ideal {e_1*e_2, e_lxe 3, e_l¥e d*e 5};

I_2=ideal {e_1*e.2, e 2%e_3*e 4};

M=createModule({I_1, I_.2},F)

image ‘ ele3 ele2 eledeb 0 0 ‘
0 0 0 e_le2 e2e3ed

E-module, submodule of E2

Ms=stableModule M

ele2 ele3 eledeb e2e3ed 0 0

0 0 0 0 e le2 e2e3e4
2

E-module, submodule of E

image

Mss=stronglyStableModule M
image e_le2 ele3 e_lede5 e2e3ed 0 0 0
0 0 0 0 ele2 ele3ed e2e3e4
2
E-module, submodule of E
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Hilbert Functions over exterior algebras

e The Hilbert function of a graded K-algebra computes the vector
space dimension of its graded components. It encodes important
information on the graded K-algebra.

e The Macaulay's key idea about the existence of highly structured
monomial ideals, the lexicographic ideals, which attain all Hilbert
functions of quotients of polynomial rings, has revealed crucial in the
polynomial ring context.

e The Kruskal-Katona theorem is the squarefree analogue of
Macaulay’s theorem and may be also interpreted as a theorem on
Hilbert functions of quotients of exterior algebras in
[Aramova et al., 1997].

e Macaulay's theorem was extended to modules by many authors, in
particular by Hulett [Hulett, 1995] and Gasharov in [Gasharov, 1997].

e In this thesis we have focused our attention on graded modules over
the exterior algebra.



Hilbert Functions over exterior algebras

e Assume M is a monomial submodule of F = &!_, Eg;.
One can quickly verify that He(d) = dimk Fy = 0, for d < f; and
d > f, + n. Hence, it follows that

frt+n

He/m(t) = Z Hem(i)t',
i=h

and we can associate to F/M the following sequence
(Heym(R), Hepm(fi + 1), .. Hepm(f + n)) € NG F= At

e Such a sequence is called the Hilbert sequence of F/M, and denoted
by Hsr/n [Amata and Crupi, 2019¢].
The integers fi,fi +1,...,f, + n are called the Hsg/y-degrees.



Hilbert Functions over exterior algebras

Example

o Let Fy be the part of degree d of F = @®/_, Eg; and denote by
Mong(F) the set of all monomials of degree d of F.

o Let E = K{ey, e, e3) and F = Egy ® Egy, with deg gy = 2 and
deg go = 3, the monomials of F, with respect to >, , are ordered
as follows:

Mony(F)| g1

(
Mons(F)|e181 >lexs €281 Slexy €381 Slexy &2
Mony(F)|e1281 >lexs €16381 Slexy €26381 Slexy €182 Slexy €282 Slexy €382
(
(

Mons(F)|e126381 >lexs €1€282 >lexs €1€382 Slexs €2€382
Mong(F)|e1ere382
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Hilbert Functions over exterior algebras

o Let M be a graded submodule of F = ®_, Eg; and let Hr /)y the
Hilbert function of F/M. There exists an integer N < r such that
we have the unique expression

He/m(d) = i (dn ff) + a,

i=N-+1

where

- ao 4 ai - as > n
P d—fy—1 d—fy—s d—fy

is the Macaulay representation of a lexr segment in degree d — fy in
the N-th component of F.

e Moreover,
n
HF/M(d+ 1) < Z (d i 1) + a(dffN),
i=N+41 !
for d > indegHsg /p + 1.
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A generalization of Kruskal-Katona’s Theorem

Let (f,f,...,f;) € Z" be an r—tuple such that f; < f, <--- < f, and let
(hfyh41,- -, heyn) be a sequence of nonnegative integers.

Set s = min{k € [f, f, + n] : he # 0},

and 7, =|{per]: fb=s+j}, for j=0,1

Then the following conditions are equivalent:

(a) Zfﬂ h;t" is the Hilbert series of a graded E-module F/M, with
F = @®/_, Eg; finitely generated graded free E-module with the basis
elements g; of degrees f;;

(b) hs < Fo, hery < nfo+F, hi =331 yy (%) +a, where ais a
positive integer less than (i—"f,\,)' 0< N<r, and
hiv1 <3 nia (,-,gﬂ) +all=M) i=s+1,... f+n

(c) there exists a unique lexicographic submodule L of a finitely
generated graded free E-module F = @]_, Eg; with the basis
elements g; of degrees f; and such that ZH" h;t' is the Hilbert
series of F/L.

12
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loadPackage "ExteriorModules"; azan
E=QQ[e_1..e_4,SkewCommutative=>true] ;

F=E"3;
I_1=ideal {e_1*e_2, e_3xe 4};
I2=ideal {e_1*e.2, e 2%e_3*e 4};
I_3=ideal {e_2*e_3%e4};
M=createModule({I_1, I.2, I_3},F)
image | ele2 e3e4 0 0 0
0 0 ele?2 e2e3ed4 0
0 0 0 0 e2e 3e 4
3
E-module, submodule of E
L=lexModule M
image | e.le2 ele3 ele4 e2e3ed 0 0 0 0 0
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0 0 0 0 0 0 0 0 e_le_2e_3e_4
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hilbertSequence M
{3, 12, 15, 4, 0}
List

Lars Kasini
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E-module, submodule of E
L=lexModule M
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E-module, submodule of E
hilbertSequence M
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i2 : E=QQ[e-1..e_4,SkewCommutative=>truel;
i3 : F=E"3;
i4 : hs={3, 12, 15, 4, 0};
i5 : 1lexModule(hs,F)
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3
o5 : E-module, submodule of E
i6 : F=E"{2,0,-2};
i7 : hs={1,4,5,4,6,5,6,3,0};
i8 : lexModuleBySequences (hs,F)
08 = image ele2 elle3 e2e3ed4 0 0 0
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I

6. Franziska Hinkelmann, L:




Lex—Algorithm

o Let £ = K(ey, e, e3,e), F=E3 and let us consider the sequence
H = (3,12,15,4,0).

H-degrees| 0 1 2 3 4
H [(3, 12, 15, 4, 0)|—
Hsey, |(1, 4, 6, 4, 0)—
Hses, [(1, 4, 6, 0,0)|—
Hses, |(1, 4, 3, 0,0)|=
0s [(0, 0, 0, 0,0)

o M = @7 lig; is the unique lex submodule with Hilbert sequence H.

|
M = (e1e, e163, €161, &26364) 1B (16263, €162€4, €1 6364, E26364) D P(E1€26364) 83.
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Lex—Algorithm

o Let E = K(e, e, e3,6) and F = @3, Eg; with
fi =—-2,f,=0,f3 =2. Let us consider the [—2, 6]-sequence
H=(1,4,5,4,6,5,6,3,0).

H-degrees| -2 —1 0 1 2 3 4 5 6
H |(1, 4, 5,4,6,5,6,3,0)|—
Hs |(0, 0, 0,0, 1, 4, 6, 3, 0)|—
H, |(0, 0, 1,4,5,1,0,0,0)|—
Hy |(1, 4, 4,0,0,0,0,0,0)|=
0o [(0, 0, 0,0,0,0,0, 0, 0)

o M = @7 lig; is the unique lex submodule with Hilbert sequence H.

M'™ = (e1e, €3, ere3e4)g1 © (€182, €163€4) 8> © (e1€2€3)g3.

17



Lex—Algorithm

o Let E = K(ey, e, 63,€) and F = &3, Eg; with
fi = —3,f = —1,f3 = 2. Let us consider the [—3, 2]-sequence

H=(1,2,2,4,3,3,4,5,2,0).

H-degrees| -3 —2 -1 0 1 2 3 4 5 6
H |(1, 2, 2, 4, 3,3, 45 2 0)|—
Hs [(0, 0, 0,0,0, 1,4, 5,2 0)
H, [(0, 0, 1, 4,3,1,0,0,0,0)|—
H |(1, 2, 1,0,0,0,0,0,0,0)|=

(0,0, 0, 0,0,1,0,0, 0, 0)

e At the end, we do not obtain the null sequence 01¢, and so H is not
a Hilbert sequence of a quotient of a free E-module. Indeed, one
can observe that H does not satisfy the bound established:

3=HQ) £ (o) + () =2

18



Minimal Resolutions




Maximal Betti Numbers

e Regarding minimal graded resolutions, many authors have been
interested in the problem of giving upper bounds for the graded
Betti numbers of graded submodules in M.

e The results of Bigatti [Bigatti, 1993], Hulett [Hulett, 1993] and
Pardue [Pardue, 1994, Pardue, 1996] show that among all graded
submodules of a free module over S with a given Hilbert function,
the lexicographic submodule has the largest graded Betti numbers.
Aramova, Herzog and Hibi in [Aramova et al., 1997] have studied
ideals of an exterior algebra.

e In this dissertation we will show that similar results also hold in the
exterior algebra context.

19



Maximal Betti numbers

Definitions
Let M € M, then M has a unique minimal graded free resolution over

E:
Fo: ... FH—>F—>F—>M-=0,

where F; = @;E(—j)?+M). The integers 3; ;(M) are called the graded
Betti numbers of M.

Considerations
If M = @!_,/ig; is a stable submodule of F, then we can use the

Aramova-Herzog-Hibi formula for computing the graded Betti numbers
of M:

Brokre(M) =" Brwpellig) = > <mF(u) e 1>7 for all k.
i=1

ueG(M), mp(u) — 1

20



Maximal Betti numbers

Considerations
Moreover, one can easily observe that

 Cntosi )22 (atats)

ueG(M), i=1 | ueG(li)e—r,

A generalization of “higher” Kruskal-Katona Theorem
Some technical results yield the following result:
Let M be a graded submodule of F. Then

Bij(M) < Bi (M),

for all 7, /.

21



Maximal Betti numbers

Example
Let E = K(e1, e, €3,€) and F = @3 Eg;, i =2, =—1,f;,=1. Let

M = (ere3, e10264)81 B (€162, @264, €364) 2 B (€1€263, 26364)83 € M.

We have a unique lexicographic module with the same Hilbert function

of M:

M'™ = (e1e0, e1e3e4, 2e3€4) 81D (€162, €163, E26384) @D (16063, €162€4)g3.
total | 7 21 44 78 125 187 total| 8 26 58 108 180 278
0 |1 2 3 4 5 6 0 |1 2 3 4 5 6
1 |4 12 25 44 70 104 1 |4 13 29 54 90 139
2 - - - = - 2 |1 4 10 20 35 56
3 |- - - - - - 3 |- - - - - -
4 |2 7 16 30 50 77 4 |2 7 16 30 50 77

Betti diagram for M

Betti diagram for M'e

22



Graded Bass numbers

Definitions

o Let M € M, M has a unique minimal graded injective resolution:

lh: 0oM—= 1Pt =12,
where I' = @;E(n — j)*i(M)_ The integers y; (M) are called the
graded Bass numbers of M.

e Let M* be the right (left) E-module Homg(M, E). The duality
between projective and injective resolutions implies the following
relation between the graded Bass numbers of a module and the
graded Betti numbers of its dual:

B,’J(M) = /L,‘)n,j(/\//*), for all I,_]

Considerations

If rank F =1 with 4 =0, i.e., F=E and M = | is a graded ideal of E,
then Homg(E/I,E) ~0: [/, where 0 : [ is the annihilator of /. If / is a
lex ideal in E, then 0 : / is a lex ideal in E.

23



Graded Bass numbers

Considerations
Let us consider the dual module Homg(F /L, E), where L = @®}_,l:g: is

lex submodule of F. Even though the annihilators above are lex ideals,
the submodule N = ®;_;(0: /;)g; is not a lex submodule of F.
Conversely,

N = (0 : l3)g1 (&%) (0 : 12)g2 (§5) (0 : /1)g3

is a lex submodule in F. Note that (F/L)* ~ N ~ N as E—graded
modules.

A generalization of dual “higher”’ Kruskal-Katona theorem
Let M be a graded submodule of E", r > 1. Then

pij(ET/M) < pij(ET/ M),

for all 7, /.

24



Maximal Bass numbers

Example
Let E = K{e1, e, e3,€) and F = E3. Consider the monomial submodule
of F:

M = (e1e3, e1e2€1)81 @ (€162, €264, €361)82 © (e182€3, E283€4)83.

We have a unique lexicographic module with the same Hilbert function
of M:

|
M = (e1e2, e1€3, €164, e263)g1D(e162€3, €1€2€4, €1 €364, E26364) S D(E162€3)83.

total |3 9 23 46 80 127  total [ 3 12 35 74 133 216

@ |= = = = = = 0 |- 1 4 10 20 35

1 |- 6 19 41 74 120 1 |— 8 25 54 98 160

2 |3 3 4 5 6 7 2 |3 3 6 10 15 21
Bass diagram for F/M Bass diagram for F/M'®

25



Extremal Betti numbers




Extremal Betti Numbers

e Let S = K|[xi,...,x,] be the standard polynomial ring in n variables
over a field K and let | be a graded ideal of S. A graded Betti
number Sk k1e(l) # 0 is called extremal if

Biixj(1)=0forall i > k, j > ¢, (i,j) # (k, ).

e The extremal Betti numbers (Bayer, Charalambous and Popescu
[Bayer et al., 1999]) of a graded ideal / of S are the non-zero top
left corners in a block of zeroes in the Macaulay diagram of /.

,,,,,,,,,,,,,,,

e They are a refinement of the Castelnuovo-Mumford regularity and of

the projective dimension of the ideal /. 2



t—spread ideals

e Recently, Ene, Herzog, and Qureshi have introduced the notion of
t—spread monomial ideal [Ene et al., 2019], where t is a
nonnegative integer.

e Let t > 0 be an integer. A monomial x; x;, - - - x;, with
1<ih <---<ig<niscalled t-spread, if ij; —ij_1 >t for
2 <j < d. Note that, any monomial is O—spread, while the
squarefree monomials are 1-spread.

e The ideal / is called t—spread strongly stable, if for all t—spread
monomials u € /, all j € supp(u) and all i < j such that x;j(u/x;) is
t—spread, it follows that x;(u/x;) € .

e Let uy,...,uy be t—spread monomials in S. The unique t—spread
strongly stable ideal containing uy, ..., u, will be denoted by
B:i(uy,...,um)[Ene et al., 2019]. The monomials w1, ..., uy, are

called t— spread Borel generators.

27



t—spread ideals

Example
Let S = K[x1,...,xs] and let us consider the set P = {x;xg, xoxgxg}. We

want to compute some finitely generated t-Borel ideals with the
monomials in P as Borel generators.
B (2 3 .2 2 2
0(X1X8aX2X6X8) = (X17X1X2,X1X3,X1X47X1X57X1X6,X1X7,X1X87X27X2X3,X2 X4, X0 X5,
2 2 2 2
Xp X, Xo X7, Xp X8, X2X3 , X2 X3X4 , X2 X3X5, X2 X3X6, X2X3X7, X2X3X8,
2 2
XXy 5 X0 X4 X5, X0 X4 X6, X2 XaX7 5 X2 X4.Xg, X2 X5, X0 X5X6, X2 X5 X7,

2 .
XoX5Xg, X2 Xg , X2 X6 X7, ><2><6><8)v

Bl(XIXSaX2X6X8) = (X1X2»X1X37X1X4aX1X57X1X67X1X77X1X8aX2X3X4-,X2X3X57X2X3X67
XD X3XT7 5 X2 X3Xg, X0 X4 X5, Xp X4 X6, X2 X4 X7, X0 X4 X8, X20X5 X6, X2 X5 X7,

X0 X5X8, Xo X6 X7, X2X6X8 );

B2(X1X87 X2X6X8) = (X1X3, X1 X4, X1 X5, X1 X6, X1X7, X1X8, X2 X4 X6, X0 X4 X7, X0 X4Xg,

X2 X5 X7, X2X5X8, X2X6X8)~
28



Extremal Betti numbers

e If | is a t—spread strongly stable ideal, there exists a formula to
compute the graded Betti numbers of | [Ene et al., 2019, Corollary

1.12]:
] max(u) —t({ —1)—1
AR | h )

ueG(l)e
e Let / be a t—spread strongly stable ideal of S.
The following conditions are equivalent:

(1) Br, kre(l) is extremal;
(2) k+t(l—1)+1=max{max(u): ue G(I);} and
max(u) < k+t(j — 1) + 1, for all j > £ and for all u € G(/);.

e If | is a t—spread strongly stable ideal of S and Sk k+¢(/) is an
extremal Betti number of /, then we have the following bound:
k+/0—-1

1 < Brre(l) < ( I )

29



A numerical characterization

A question:

o Given three nonnegative integers t,n,r (n>2and 1 <r <n-1),

o r pairs of positive integers (ki, /1), ..., (ks £,) such that
n—1>k>k>--->k>11<0 <l < - <,

e r positive integers a1, ..., a,,

under which conditions does there exist a t—spread ideal / of
S = K[x1,...,xp] such that Sy, k+e, (1) = a1, - ... Bi, k+¢,(1) = a, are its
extremal Betti numbers?

Some positive answers (when char(K) = 0):

e has been given, for t =0, in [Crupi and Utano, 2003],
[Herzog et al., 2014] and [Amata and Crupi, 2019a],

e for t =1, in [Amata and Crupi, 2019d]

e and, for t =2, in [Amata and Crupi, 2019b] has been studied the
maximal number of extremal Betti numbers allowed for 2—spread

strongly stable ideals in S.
30



Case t = 0 [Amata and Crupi, 2019a]

Given two positive integers n, r, r pairs (ki,¢1), (ko, 02), ..., (ks ¢;) and r
positive integers ap, a, ..., a, respecting the previous hypothesis and let K be
a field of char 0, then the following conditions are equivalent:

e there exists a strongly stable ideal / C S, with extremal Betti numbers
B ke, (1) = aj, fori=1,...,r;
e set t = max{/i: {; <r—i}. The integers a; satisfy the conditions:

1<a <A\ LexShadZ"_é"*l(A;_l)L for i=1,...,r,

where Ag = 0,
(i) Ai = {u € A(ki, l1) : U Ziex Xk, —1Xk +1}, Whenever 1 = 2;
(II) A = {U (S A(k,’,g,') DU lex Xk Xky_q ** 'Xk,7£f+3Xk,7£’_+271in+1}, for
i=1,...,t whenever {1 > 3, and for i = 2,..., t, whenever /; = 2;
(iii) Ai = {u € A(ki, i) : U Zlex X, Xk, "'in+1Xf;;1(r7’)}, for
i=t+1,...,r—1;
(iv) Ar={u € A(kr, ;) st Ziex 41
and if a; = |[u, v]|, with u,v € A;, then 1 < a;14
< |Aiz1 \ LexShad“* =4 ([u, v])|, for all i =1,...r —1,

with 2 < r < n—2 (it has to be n > 5), k, > 2, whenever ¢; = 2, and
1<r<n-—1, k. >1, whenever /1 > 3. 31
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Loading CoCoR packages from directory:
/cocoa-5.2/packages

/ /| / / £

I R Y N B Y V|
f Tl

7 / 7 17

With CoCollib and extermal libraries GMP, NHormaliz, Frobby
indent (VersionInfo()); -- for information about this 'JE:SL\:L',I

/* */ use R::=QQ[x[1..7]1];

/* */ Corners:=[[5,3],[4,4].[3,5].[1.7]1;

/* */ a:=[1,2,5,11;

/* */ I:=StronglyStableIdealEB(R,Corners,a,1);
Strongly Stable Ideals has been computed:

Generators: [x[1]°3, x[1]"2*x[2], x[1]1"2#x[3], x[1]1"2*x[4], x[1]"2*x[5], x[1]"2*x[6],
x[11*x[2]°3, x[11*x[2]"2*x[3], x[1]1*x[2]"2*x[4], x[1]1*x[2]"2*x[5], x[1]*x[2]*x[3]"2,
x[1]*x[2]*x [31*x [4], x[1]*x[2]*x[3]*x[5], x[1]1*x[2]1*x[4]1"3, x[11*x[3]1"4, x[1]1*x[3]"3*x[4],
x[11*x[3]12*x[4]"2, x[1]1*x[3]1*x[4]"3, x[1]*x[4]"4, x[2]"7]

Borel Generators: [x[1]72*x[6], x[1]*x[2]*x[3]*x[5], x[1]*x[4] 4, x[2]"7]

-1\**- *cocoaS* All Li0 {cocoaS—comint : run)
0 -
-1\ FE— Extremal Bettl.cocoald Top L1 (CoCoAS)
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/* */ IsStronglyStable(I);
true

/* %/ IsLexSegment(I);
false

/* */ PrintRes(I);

0 --> R[-8] --> R[-7]1"6(+)R[-8]1"2 --> R[-6]"15(+)R[-7]1"10(+)R[-8]"5 -->
R[-5]"20(+)R[-6]"20(+)R[-7]"16 --> R[-4]"15(+)R[-5]"19(+)R[-6]1"17(+)R[-8] -->
R[-31"6(+)R[-4]"7(+)R[-5]"6(+)R[-7]

/* */ PrintBettiDiagram(I);

3:7 6 156 20 156 6 1
4: 7 19 20 10 2 -
5: 6 17 16 5 - -
6: - - - - - -
70011 - - - -

-1\ **— *cocoaS* All 110 ({cocoaS—comint: run) 1
i A
-1\**- Extremal Betti.cocoab Top L1 (CoCoAs)
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- o IEN

A
/* x/ use R::=QQ[x[1..7]1];
/* */ Corners:=[[5,3],[4,4],[3,5].[1.7]1;
/* %/ av:=AdmissibleValues(R,Corners);
/* */ av;
/* */ matrix(QQ,
e, 1, 1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,2, 2,2, 2],
ft, 1, 1,1,1,1,1,2,2,2,2,2,3,3,3,3, 4,4,4,4,5,5,6,7,1,1, 2, 3],
[1, 2, 3, 4, 5,6, 7,1, 2,3,4,5,1,2,3,4,1,2,3,4,1,2,1,1,1, 2,1, 1],
ft, 1, 1,1,1,1,1,1, 1,1, 1,1, 1, 1,1, 1,1, 1,1, 1,1, 1,1, 1,1, 1, 1, 111)
/* */
v
-1\**- *cocoaS* All Li0 {cocoaS—comint : run) I
0 ~
v
-1\ FE— Extremal Bettl.cocoald Top L1 (CoCoAS) 34



Case t = 1 [Amata and Crupi, 2019d]

Consider three positive integers n > 5, {1 > 3 and 1 < r < n— {4, r pairs of

positive integers (ki, 1), ..., (k-,¢;) suchthat n—3 > k; > --- > k, > 2 and
2<ly << Uy ki+L;<n(i=1,...,r), and r positive integers aj, ..., a,.
Let K be a field of characteristic zero. The following conditions are equivalent:

e There exists a squarefree strongly stable ideal / of S = K|[xq, ..., x,] with
Big.ka+e, (1) = a1, ..., Bi,.k+e, () = a, as extremal Betti numbers;
e Setting

(i) Vr = Xig41 - Xiy+£,,
A; = [we, vi], with w, € A°(kr,£,) and such that |A,| = a;

(i) fori=1,...,r—1,
vi—i = min{u € A*(kr—i, £,—;) : max A, i1 & BShad(u)(k,_;\1.6_111) )
Ar—i = [Wr—i, ve—i], with w,_; € A*(kr—j,£,—;) and such that
‘Ar—i‘ = ar—i,
(i) for i=1,...,r, ni = |{u € A°(ki,€i) : u > v;}|, then the integers a;
satisfy the following conditions:
aj S n;i.
If ai = |[ui,1, uia]l, uij € A(ki, &) J=1,...,a) and
pi = |{v e A (ki,ti):v>ui1}|, then a; < nj—p;, fori=1,... r.

35



A new formula

Lemma

Let n and g > 1 be two positive integers such that n > q. Then

(= G2)+ G2+ (0

Example

)

e Let S = K|[xi,...,x9] and consider the monomial u = xoxsx7xs.

We have that |A*(4,4)| = (%) = 35.

e The following scheme summarizes the calculations of |[x;x2x3xg, u]|.

+()+ 6+ 6 +6)

G =0+@|+Q+Q)

(5)=1G

~—

() =] 6

e Then |[x1xox3xs, ]| = (15+4+3+1)+1 =24

36



INTERRUPT SAVE UPLOAD FILE

Macaulay2, version 1.14 ﬂ a Q
La
with packages: ConwayPolynomials, Elimination, IntegralClosure, InverseSystems, LLLB

PrimaryDecomposition, ReesAlgebra, TangentCone

il : loadPackage "Squarefreeldeals";
i2 @ S=QQ[x-1..x.10];
i3 @ g={x-2x_8, x_3x4x.5, x_3x_4x_8x_9, x_3x_5x_7x_9, x_4x_5x_6x_7x_8x_9x_10};

i4 : I=squarefreeStronglyStableldeal ideal g
04 = ideal (x-1x.2, x.1x.3, x.1x 4, x.1x5, x1x 6, x 1x7, x.1x.8, x2x.3, x2x4, x2x5,
x2x 6, x2x.7, x2x_8, x3x4x5, x 3x.4x 6x.7, x_3x 4x 6x.8, x_3x_4x_6x9,
X 3x_4x_7x.8, x.3x4x 7x 9, x3x_4x_8x 9, x_ 3x 5x 6x.7, x_3x_5x_6x.8,
x_3x_5x_6x_9, x_3x5x 7x.8, x_3x_5x_7x_ 9, x_4x_5x_6x_7x_8x_9x_10)
o4 : Ideal of S
i5 : minimalBettiNumbersIdeal I
o 1 2 3 4 5 6
o5 = total: 26 94 154 139 71 19 2
2: 13 42 70 70 42 14 2
3: 1 2 1 . . .
4: 11 47 80 68 29 5
5: . . .
6

71 3 3 1
o5 : BettiTally

4 L3




INTERRUPT SAVE UPLOAD FILE

i6 :
06 =
06
i7
i8 :
i9
09 =

09 :

i10 :
010 =

010 :

i1l

oll

oll
4

corners=extremalBettiCorners I

{(6 2), (5. 4), 3. N} aQaal

List

r=#corners;
a={2,5,1};
Bg=extremalBettiMonomials(S,r,corners,a)
{x 1x.8, x2x8, x3x.4x.5x 9, x.3x4x6x 9, x 3x4x 7x 9, x_3x_4x_8x 9, x_3x_5x_6x9,
x_4x_5x_6x_7x_8x_9x_10}
List
J=squarefreeStronglyStableldeal ideal Bg
ideal (x-1x-2, x-1x.3, x-1x4, x.1x5, x1x 6, x1x.7, x-1x.8, x2x.3, x2x.4, x2x.5,
X 2x 6, x2x.7, x2x_8, x3x4x 5x 6, x 3x4x5x 7, x_3x_4x5x8, x_3x4x5x9,
x_3x 4x 6x.7, x 3x_4x 6x.8, x 3x 4x 6x 9, x 3x4x 7x 8, x3x4x 7x9,
x_3x_4x_8x_9, x_3x5x6x.7, x_3x_5x.6x_8, x_3x_5x_6x_9, x_4x_5x_6x_7x_8x_9x_10)
Ideal of S

minimalBettiNumbersIdeal J
2 3 4 5 6

= total: 27 97 157 140 71 19 2

2: 13 42 70 70 42 14 2
3: . . . . . .
4: 13 52 84 69 29 5
5: . . . . .
6

7: 1 3 3 1
BettiTally




Case t = 2 [Amata and Crupi, 2019b]

First odd cases

n | Corner sequence 2—spread strongly stable ideal

51 {(2,2)} Bas1 = Ba(x1xs5) = (x1x3, X1Xa, X1%5)

7 11{(4,2),(2,3)} Bo7.1 = Ba(x1x7, XoXaX7)

9 | {(6,2),(4,3),(2,4)} | Bag,1 = Ba(x1x9, x2XaX9, X2X5X7X9)
Theorem
Let n > 11 an odd integer and /; = 2. Given ”773 pairs of positive
integers

(kla£1)7(k27£2)7~"a(k"%37£"%3)> (51)
with 1§kn2;3 <knT4_1 < -+ <k <n-—3and
n—1

2=l <ly<---< 6%3 < 5=, then there exists a 2—spread strongly
stable ideal | of S of initial degree ¢; and with the pairs in (5.1) as

corners if and only if kj +2(¢; — 1)+ 1=n, for i =1,..., 253

39



Case t = 2 [Amata and Crupi, 2019b]

First even cases

n Corner sequence 2—spread strongly stable ideal

4 {(1,2)} 827471 = BQ(X1X4) = (X1X3,X1X4)

6 {(3,2),(173)} 82)6;1 = B2(X1X5,X2X4X6)

8 {(5, 2), (3, 3)} 827871 = BQ(X1X8, X2X4Xg)

10 {(7, 2)7 (57 3), (37 4)} 82,1071 = Bz(X:leo, X2X4X10, X2X5X7X10)
Theorem
Let n > 12 an even integer and ¢; = 2. Given ”;4 pairs of positive
Integers

(kl,ﬁl),(kz,ég),...,(k%zx,f%z;), (5.2)

with 1§kr12;4 <k%471 <---<k <n-—3and

2=01 <lyp < - <lna < "52, then there exists a 2—spread strongly
2

stable ideal | of S of initial degree ¢; and with the pairs in (5.2) as
corners if and only if ki +2(¢; —1)+1=n,fori=1,..., "%4_
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SAVE UPLOAD FILE

i1l :
i2 :
i3 :
i4 :
i5
i6 :
06 :
i7
o7 :
i8 :
08 :
08 :

i9
i10 :

loadPackage "Squarefreeldeals";
n=13;

S=QQ[x_1..xn];

t=2;

indeg=2;

k=n-t*(indeg-1)-1

10

tot=(k-kit)//t
5

corners=for i to tot-1 list (k-t*i,indeg+i)
{(10, 2), (8, 3), (6, 4), (4, 5), (2, 6)}
List

a=toList (#corners:1);

Bg=tspreadExtremalBettiMonomials (S, corners,a,t)

010 = {x_1x.13, x_2x_4x_13, x_2x_5x_7x_13, x_2x_5x_8x_-10x_13, x_3x_5x_7x_9x_11x_13}

010 :

List

Lars Kasini




INTERRUPT SAVE UPLOAD FILE

i14 : I=tspreadStronglyStableldeal(t,ideal Bg)

014 = ideal (x.1x.3, x.1x4, x1x5, x.1x.6, x.1x.7, x.1x8, x.1x9, x_1x.10, x_1x_11,
x1x.12, x1x13, x2x 4x 6, x2x4x.7, x2x 4x 8, x2x.4x 9, x 2x 4x_10,
x2x 4x 11, x2x 4x 12, x2x_4x_13, x2x 5x.7x9, x2x.5x 7x_10,

x 2x B5x_7x_11, x2x 5x 7x_ 12, x_2x_5x_7x_13, x_2x 5x_8x_10x_12,
x_2x _5x_8x_10x_13, x_3x_5x_7x_9x_11x_13)

014 : 1Ideal of S

i15 : minimalBettiNumbersIdeal I
0 1 2 3 4 5 6 7 8 9 10
ol5 = total: 27 120 294 496 610 553 367 174 56 11 1
2: 11 55 165 330 462 462 330 165 55 11 1
3: 8 36 84 126 126 84 36 9 1
4: 5 20 35 35 21 7 1
5: 2 7 9 5 1
6: 1 2 1
0l5 : BettiTally




Future works




o We intend to implement improvements to the Macaulay2 package
ExteriorModules. More precisely, given a submodule of F we would
like to implement some algorithms

e to compute the Generic Initial Module

e to manage the Dual Module (in a general case)

e Given an integer t > 2, let S; , be the set of all t—spread strongly
stable ideals in S. What is the largest number of corners allowed
for an ideal of S; 7

o Given three positive integers t > 2, n and r < n, r pairs of positive
integers (ki,¢1), ..., (kr,£,) such that n —3 > ky > - >k, > 2
and 2 < /{; < --- </, and r positive integers as, ..., a,, under
which conditions does there exist a t—spread strongly stable ideal / of
S= K[Xl, R ,Xn] such that ﬁkl-,kﬁrzl(/) = a1, ..., ﬂk”errg,(l) = a,
are its extremal Betti numbers?

43



That's all Folks... for now.
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